We study the influence of black-hole evaporation on light propagation. The framework employed is based on the non-linear QED effective action at one-loop level. We show that the light-cone condition is modified for low-energy radiation due to black-hole evaporation. We discuss conditions under which the phase velocity of this low-energy radiation is greater than c. We also compute the modified light-deflection angle, which turns out to be significantly different from the standard GR value for black-hole masses in the range M Pl ≪ M 10 19 M Pl .
I. INTRODUCTION
A propagation of light in a non-trivial, i.e. non-Minkowskian, quantum state can be modified in quantum electrodynamics (QED). Moreover, the field operatorÂ µ (x) of the electromagnetic field can have a non-standard structure due to non-trivial boundary conditions that leads to a modification of its action on the Minkowski vacuum. As a consequence, the photon propagator alters as well. Specifically, a low-energy electromagnetic wave propagating through a thermal gas turns out to be subluminal [1, 2] , while superluminal when propagating in-between conducting plates in the Casimir set-up [3] . These two quantum effects can be described at the same time by considering the effective action of the electromagnetic field with integrated out fermion degrees of freedom [2] . It was further realised that a sign of the renormalized energy density and pressure determines whether the phase velocity of the low-energy electromagnetic radiation is greater or smaller than c as measured under the standard conditions [4, 5] .
In curved spacetime extra curvature-dependent terms appear in the effective action in quantum electrodynamics [6] . At the leading α-order these terms are quadratic with respect to the field strength of the electromagnetic field. This implies in particular that the Drummond-Hathrell term is oblivious to the quantum state at the α-order approximation, but not to the spacetime geometry.
In the current paper we study the Maxwell field equations modified by the EulerHeisenberg term as well as the Drummond-Hathrell term in the Schwarzschild black-hole geometry [6] [7] [8] . Under the assumption the vector-field operator modifies when the black-hole horizon forms, rather than the Fock space representation of the field operators as argued in [9] , one can a priori expect a non-trivial effect in spacetime with the black hole analogous to that in-between the conducting plates. Thus, our main concern in this paper is to investigate how quantum fluctuations of the electromagnetic field in the form of the Hawking radiation ( T µν = 0) influence the propagation of the long-wavelength radiation in quantum electrodynamics.
Throughout this paper the fundamental constants are set to unity, c = G = k B = = 1.
II. EFFECTIVE FIELD EQUATIONS
Integrating out fermion degrees of freedom in QED, we obtain a non-linear effective action for the electromagnetic field alone. This is exactly what we mean by the non-linear QED. In curved spacetime this leads to adding the Drummond-Hathrell term [6] and the Euler-Heisenberg term [7] to the standard Maxwell action (see also [8] ). We denote this effective action as Γ eff [A, g] below. The vector-field equation is thus modified in quantum electrodynamics and reads
where α is the fine structure constant, m e the electron mass. We have taken into account that R µν = 0 in the Schwarzschild geometry
and neglected higher-order derivative terms of the electromagnetic field strength F µν in order to have the same order of the approximation in the Euler-Heisenberg and the DrummondHathrell action. We have also omitted the derivative of the Riemann tensor focusing only on the light wavelengths λ γ being much smaller than a characteristic curvature scale λ c . Furthermore, the Euler-Heisenberg action is valid for the light wavelengths being much larger than the Compton length of the electron λ e . Thus, the equation (1) 
has an ordinary photon propagator in the Schwarzschild geometry. SubstitutingÂ ′ µ (x) in (1) and taking then its vacuum expectation value we get at the linear order in A µ (x) in the one-loop approximation
where we have neglected terms being of the order of λ e /λ c ≪ 1 and λ γ /λ c ≪ 1. It is worth mentioning that this procedure of deriving (3) is equivalent to the background-field method of taking into account quantum field fluctuations at one-loop level (e.g., see [11] ). A few remarks are in order. First, the role of the fermion field is to provide self-interacting terms for the field A µ (x) in the effective action Γ eff [A, g]. Second, the effect of our interest crucially depends on having quantum fluctuations of the electromagnetic field. Third, the equation (3) follows from the 1PI effective action computed at the lowest-order approximation by promoting the electromagnetic field to a quantum operator in Γ eff [A, g] . Fourth, all non-linear terms with respect to A µ (x) in (3) have been omitted, because we want to study how low-energy electromagnetic waves behave in the vacuum when propagating through spacetime. In other words, these waves are our probe or test of the electromagnetic properties of the vacuum (e.g., see [12] ). Now the simplest way to obtain the light-cone condition is to employ the geometric optics approximation. This yields
where we have used the Bianchi identity k (µ F λρ) = 0 with k µ being a wave vector, i.e. ∇ µ F λρ = ik µ F λρ , and the vector ǫ µ specifies light polarisation in the Lorentz gauge. 45 T 4 H , T H is the Hawking temperature [15] . The distance from the black-hole center when Θ H (r) vanishes is approximately r n ≈ 3.3×M . Right: Θ U (r) = ( T t t U + 2εf (r) T t r U − T r r U )/γ as a function of r [17, 18] . The solid and dashed line correspond to the outgoing and ingoing light wave for which r n = +∞ and r n = 0, respectively.
A. Modified radial propagation
A computation of the light-cone condition for the radial propagation of the electromagnetic wave is considerably simplified in the Newman-Penrose formalism. Accordingly, one introduces the null tetrad e 
for the radial propagation. Substituting these in (4) and looking for a non-trivial solution for coefficients α 1 and α 2 , we find that there exist two non-trivial polarisations ǫ µ ± , such those
where T µν is a renormalized stress tensor forâ µ (x) and ǫ + = 4 and ǫ − = 7 .
It is worth noting that the Drummond-Hathrell action does not influence the radial light propagation [6] . The higher-order curvature-dependent terms have also no influence on the radial light propagation for the Schwarzschild black holes [13, 14] . The formula (6) can be employed to get a change of the phase velocity of the low-energy electromagnetic radiation due to non-trivial renormalized stress tensor T µν of the quantum field in the thermal state as well as in-between the conducting plates [1-4].
We now apply that formula for the radially propagating electromagnetic wave in the background of the Hawking radiation. We find
where f (r) is a lapse function given in the equation (2), and ε is either +1 or −1 for an outgoing or ingoing light wave, respectively. In the case of the eternal Schwarzschild black hole physical vacuum corresponds to the Hartle-Hawking state which is regular on both past and future horizon. Employing results of [15] for the renormalized stress tensor of the electromagnetic field in the Hartle-Hawking state, we find that the radially outgoing or ingoing radiation is superluminal for r ∈ (2M, r n ), but subluminal for r > r n , where r n ≈ 3.3×M (see fig. 1 ). Thus, the superluminal radial propagation between 2M and r n resembles that in the Scharnhorst effect [3] , although the analogy is not complete (see below). It is worth noting that the violation of the null energy condition in our case is qualitatively similar for the case of the scalar field model conformally coupled to gravity [16] .
In the case of a physical black hole, i.e. the black hole formed through the collapse of matter, physical vacuum corresponds to the Unruh state. We employ an approximate analytic expression of the renormalized stress tensor in the Unruh state [17, 18] to analyse the influence of quantum fluctuations on the light propagation. The outgoing radiation turns out to be superluminal at any distance from the black hole, while the ingoing one is subluminal right up to the horizon. Qualitatively the same picture of the violation of the null energy condition holds for the conformal scalar field model [19] .
However, the Euler-Heisenberg action in the case of the Unruh state starts to dominate over the Maxwell action for distances roughly less than
from the black-hole horizon, where M Pl is the Planck mass. Therefore, (9) is negligibly small if the black-hole mass M is sufficiently large, i.e.
Thus, the approximation is reliable even close to the horizon for the black-hole masses being much larger than 10 −15 M ⊙ . Note that the violation of the weak gravity approximation may occur in the vicinity of the horizon. However, this is not the case for the radially propagating light whenever its wavelength λ γ is much smaller than λ c .
B. Modified light deflection
We now consider an electromagnetic wave propagating in the θ = π 2 plane. Working in the notations of [22] , we obtain the same formula (6), but now with k µ given by the solution of the geodesic equation depending on an impact parameter d plus a correction of the α 2 -order. This is only possible in our context if the Drummond-Hathrell term is omitted. We are interested in the regime when the correction to the light deflection induced by this term is negligibly small, we thus study in the following a value of the light deflection being only due to the Euler-Heisenberg term.
Computing the deflection of light in the weak gravity limit, i.e. r ≫ 2M, we find in the leading-order approximation
for the Hartle-Hawking state, where ∆φ GR = 4M r 0 with r 0 being the closest distance to the black hole. It is worth noting that the term in the parentheses of (11) is of the order of the deviation of the phase velocity of the light wave from c.
Repeating these computations for the physical black hole, i.e. in the Unruh state, we find
where L is a luminosity equaling L ≈ 2.68×10
M 2 for the electromagnetic field [23] .
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Expressing this correction to the angle of the light deflection through the change of the phase velocity of the electromagnetic wave at r = r 0 ≫ 2M, we obtain
The Drummond-Hathrell contribution to the light deflection is negligibly small with respect to the Euler-Heisenberg one if
Note that the higher-order curvature/derivative terms are also suppressed in comparison with the Euler-Heisenberg term. The angle of the light deflection could be of the order one or even larger with respect to the standard result of general relativity (GR) if
where the lower bound is due to our assumption |δc U /c| 1/10. Therefore, we come to a conclusion that the black-hole evaporation considerably influences the light propagation if the black-hole mass is sufficiently small, i.e. Note that the condition (14) as well as the weak gravity condition are then automatically satisfied if the black-hole mass lies in this range. However, the semi-classical approximation is reliable if the black hole is not too small, namely M ≫ M Pl should be fulfilled. Thus, the above effects of the black-hole evaporation on the low-energy electromagnetic wave propagation are still trustable if the black-hole mass M is much bigger than the Planck mass M Pl , so that M Pl ≪ M 10 19 M Pl .
C. Two-loop dominance
In terms of the Feynman diagrams, the effect occurs due to the non-trivial modification of the photon propagator. The photon self-energy gets a correction at the level of twoloop diagrams depicted in fig. 2 . This has been taken into account in the effective action. However, the electron/positron propagator also changes and, hence, makes a contribution to the modification of the photon propagator. This is the main difference in comparison with the Scharnhorst effect. The Hartle-Hawking state is the Kubo-Martin-Schwinger state [24] with respect to the Killing vector ∂ t for the field operators having a vanishing support in the causal complement to the "right" Schwarzschild space. The renormalized stress tensor is mathematically indistinguishable, but not physically [9] , from that for the thermal radiation at T H sufficiently far from the black hole (r ≫ 2M). Thus, the modification of the fermion propagator can be neglected as long as M ≫ 10 21 M Pl , i.e. when T H is much smaller than the electron mass m e . However, the photon acquires a thermal mass of the order of α 1 2 T H at T H ≫ m e due to the one-loop vacuum polarisation diagram depicted in fig. 2 . Therefore, our results for the Hartle-Hawking state are definitely reliable and does not lead to m γ ≫ m e if T H ≪ m e which is a regime of the two-loop dominance [25] .
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In the case of the Unruh state, the stress tensor vanishes as T 4 H (2M/r) 2 far from the hole. Taking this into account as well as the structure of the one-loop vacuum polarisation diagram, the effective photon mass squared is expected to be of the order of αT 2 H (2M/r) 2 far from the hole. At high temperatures, T H ≫ m e , one thus has that our approximation 2 It is worth emphasising that eternal black holes are of no physical interests anyway, because these are not formed through the gravitational collapse. As one can see, if there is a small eternal black hole, then the effective photon mass is huge. This is physically unacceptable. Moreover, λ γ λ e should hold to have propagating light waves. This is beyond of our approximation.
is reliable if the light wavelength λ γ is much less than α 1 2 λ e (T H /m e ), which is much greater than λ e for M 10 19 M Pl . There are still propagating waves for distances greater than the lower bound of r 0 given in (15) , because the effective plasma frequence is suppressed by the geometrical factor 2M/r. The α 3 -order term is expected to be of the order of (T H /m e ) 6 (2M/r) 4 which is suppressed far from the black hole. Specifically, the closest distance r 0 should approximately be larger than the lower bound given in (15) . We analytically compute the effective photon mass m γ at one-loop level in QED in the background of the small Schwarzschild black hole in [26] .
III. CONCLUDING REMARKS
We have analysed the influence of the vacuum polarisation induced by the black holes in quantum electrodynamics on the propagation of the low-energy electromagnetic radiation. This results in the violation of the null energy condition and the superluminal/subluminal phase velocity of the radial outgoing/ingoing electromagnetic radiation, respectively.
The black-hole evaporation might be observable through the angle of the light deflection. Specifically, for the black-hole masses in the range
and for the closest distance r 0 to the black hole lying in the annulus (15) , one can expect a significant deviation of the light-deflection angle from the standard GR value. Note that this angle is different for different types of the light polarisations. Practically, this implies that a source of unpolarised light has an image stretched in the direction from the hole. It is also worth emphasising this might be a physical effect being appropriate for discovering only small black holes.
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The electromagnetic wave moving along a circular geodesic around the black hole propagates with the phase velocity less than c at r 27.9×M. The circular velocity approaches c as (2M/r) 2 at r ≫ 2M. The radial outgoing light velocity approaches c as (2M/r) 5 , while the ingoing one as (2M/r) 2 . The ratio of the phase velocities of the radial ingoing wave and the circular wave is
where the indices + and − refer to the light polarisations. For the supermassive black hole in the center of the Milky Way, we find an extremely small value 10 −121 of the anisotropy of 3 Our estimate of the α 3 -order term made in Sec. II C may be too optimistic. If it turns out that the threeloop contribution to the light-cone condition is of the order of (T H /m e ) 6 (2M/r) 2 , then the higher loop contributions are in general not negligible at T H ≫ m e as in the ordinary hot plasma. This would imply that the perturbation theory gets out of control. Thus, the perturbation series needs to be resummed. Nevertheless, the two-loop dominance still occurs for black-hole masses 10
the phase velocities. This is much less than the anisotropy due to the Drummond-Hathrell term, i.e. 10 −84 , because the constraint (14) is not fulfilled. Note that the anisotropy due to the black-hole evaporation becomes larger whenever the black hole is lighter and closer to earth.
As pointed out above, the imprint of the black-hole evaporation on the light propagation is due to the modification of the vector-field and fermion operator when the event horizon forms. This is analogous to the Casimir effect, wherein the modification is however due to the boundary conditions satisfied by the electromagnetic field on the conducting plates (the fermion propagator is unaltered). This picture seams to be consistent with a unitary black-hole evaporation [9] .
The Drummond-Hathrell term leads to the violation of the strong principle of equivalence, whereas the Euler-Heisenberg term is completely consistent with this principle. These terms allow in particular to have a superluminal propagation of the low-energy electromagnetic radiation. However, the superluminality here does not necessary imply a violation of causality [13, 20, 21, [27] [28] [29] . To establish whether causality is not broken, one needs to know how high-energy photons propagate in the background of the evaporating black hole. Indeed, the wave-front velocity corresponding to the signal velocity is given by the phase velocity of the high-energy radiation [30] . This is certainly beyond of our approximation. Nevertheless, one might expect that causality is not violated as we have started with a perfectly causal theory, namely QED, in the classical geometrical background.
It is not obvious whether the so-called "horizon" theorem [13] still holds for the radially outgoing low-energy radiation, i.e. whether the light cone remains k 2 = 0 for the outgoing light wave on the event horizon of a black hole formed through the gravitational collapse. Although the perturbation theory breaks down near r = 2M for the outward light, one can still have k 2 < 0 for the outgoing radiation very close to the horizon for sufficiently large black holes, M ≫ 10 25 M Pl . However, we expect that this theorem still holds on the horizon, because k 2 > 0 close to it inside the hole as it can be shown by performing an analytic continuation of the Schwarzschild coordinates inside the black hole.
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